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PACS. 73.43.-f  Quantum Hall eets.
PACS. 73.43.Nq  Quantum phase transitions.
PACS. 73.20.Qt  Eletron Solids.
Abstrat.  We present a simple lassiation of the dierent liquid and solid phases of quan-
tum Hall systems in the regime where the Coulomb interation between eletrons is signiant,
i.e. away from integral lling fators. This lassiation, and a riterion for the validity of the
mean-eld approximation in the harge-density-wave phase, is based on saling arguments on-
erning the eetive interation potential of eletrons restrited to an arbitrary Landau level.
Finite-temperature eets are investigated within the same formalism, and a good agreement
with reent experiments is obtained.
Two-dimensional eletron systems (2DES) in a perpendiular magneti eld exhibit a rih
variety of phases, ranging from inompressible quantum liquids, whih are responsible for
the integral and frational quantum Hall eets (IQHE and FQHE), to eletron-solid phases
suh as harge density waves (CDWs) and the Wigner rystal (WC). The IQHE is found
when the eletron density nel is an integral multiple of the density of states per Landau level
(LL) nB = 1/2πl
2
B, where lB =
√
h¯/eB is the magneti length [1℄, and an be desribed
within a single-partile piture. On the other hand, when the lling fator ν = nel/nB
is non-integral, the highest lled LL has only a partial lling ν¯ = ν − n, and it beomes
essential to inlude the Coulomb interation [2℄. It lifts the LL degeneray and leads to a rih
phase diagram. At extremely low eletron densities, an insulating phase has been observed
whose properties are attributed to WC formation [3℄. At ν = p/q, with p, q integral and q
odd, the FQHE is observed in the two lowest LLs [4℄. The orresponding ground state is
an inompressible liquid, analogous to the IQHE if desribed in terms of omposite fermions
(CFs) [5℄. At ν¯ = 1/2 in higher LLs, huge anisotropies have been deteted in the longitudinal
magnetoresistane, indiating the formation of a unidiretional CDW [6℄. From the theoretial
point of view, Hartree-Fok alulations predit orretly a CDW formation around ν¯ = 1/2
in higher LLs [7,8℄, but have failed to desribe the FQHE regime. In this letter we propose a
new saling approah, whih lassies the liquid and solid phases observed in quantum Hall
systems in terms of length sales, and remains valid in all LLs. In addition, we larify the
reasons for breakdown of the Hartree-Fok approximation in the lowest LLs and establish a
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riterion for the appearane of reently observed FQHE features in the WC regime at nite
temperatures [9℄.
Beause in the high-magneti-eld limit the Coulomb interation between the eletrons
onstitutes a smaller energy sale than the gap between LLs, inter-LL exitations are high-
energy degrees of freedom. At integral lling, they are the only exitations, but may be
negleted when onsidering a system at ν 6= n beause in this ase low-energy exitations
beome possible within the same LL [10℄. The kineti energy of the eletrons may therefore
be set to zero, and the Coulomb interation remains as the only energy sale in the problem
if the eletrostati potential due to underlying impurities is small. One obtains a system of
strongly orrelated eletrons desribed by the Hamiltonian
Hˆn =
1
2
∑
q
v(q) [Fn(q)]
2
ρ¯(−q)ρ¯(q), (1)
where v(q) = 2πe2/ǫq is the two-dimensional Fourier transform of the Coulomb interation.
In this model, one onsiders only interations between spinless eletrons within the nth LL
desribed by the density operators 〈ρ(q)〉n = Fn(q)ρ¯(q), where ρ(q) is the usual eletron
density in reiproal spae. The fators Fn(q) = Ln(q
2/2) exp(−q2/4), with the Laguerre
polynomials Ln(x), arise from the wave funtions of eletrons in the nth LL and may be
absorbed into an eetive interation potential vn(q) = v(q)[Fn(q)]
2
. The quantum nature of
the problem is ontained in unusual ommutation relations for the eletron density operators
[11℄,
[ρ¯(q), ρ¯(k)] = 2i sin
(
(q× k)zl2B
2
)
ρ¯(q+ k). (2)
The Hamiltonian (1) together with the ommutation relations (2) denes the full model, whih
was used reently as a starting point for the desription of the FQHE in the lowest LL [12℄
and for the formation of CDWs in higher LLs [7, 8℄. Note the formal equivalene between
eletrons in the lowest LL at ν = ν0 and eletrons in a higher LL at ν¯ = ν0 within this model.
Deeper insight into the stuture of the model is obtained by transforming the eetive
interation potential bak to real spae. In appropriate units, one may derive a universal
saling funtion v˜(r),
vn(r) =
∑
q
e−iq·rvn(q) ≈ v˜ (r/RC)√
2n+ 1
, (3)
where RC = lB
√
2n+ 1 is the ylotron radius. This saling form beomes exat in the
limit n → ∞ beause then Fn(q) → J0(q
√
2n+ 1). However, it is valid also at low values
of n as an be seen from g. 1, where the resaled results of vn(r) are shown for the LLs
n = 1, ..., 5. The universal funtion exhibits a plateau of width 2RC superimposed on the bare
1/r Coulomb potential, whih is retrieved at large distanes. Although the bare Coulomb
potential possesses no harateristi length sale, a omponent whose range is haraterised
by RC is introdued in the eetive interation potential. This permits a lassiation of the
dierent phases aording to the ratio of the average eletroni separation d ∼ lB/
√
ν¯ in the
nth LL and the range 2RC of the eetive interation.
Quasi-lassial limit (WC): d ≫ 2RC . In the limit of low density, the average distane
between eletrons interating via the 1/r Coulomb potential is muh larger than the spatial
extent RC of their wave funtions. Quantum orretions to the lassial result are of order
O(RC/d) and may thus be negleted. Classially, the eletrons are arranged in a triangu-
lar WC in order to minimise the repulsive Coulomb interation. The transition line whih
separates the WC phase from other phases is obtained by omparing d and RC as funtions
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Fig. 1  Eetive interation potential in real spae. Points orrespond to n = 1, 2, ..., 5. Gray line:
pure Coulomb potential.
of ν¯ and n (gray line in g. 2). It is given by ν¯WCn = ν
WC
0
/(2n + 1), where νWC
0
is the
ritial lling fator below whih the WC is found in the lowest LL. Theoretial alulations
predit νWC
0
≈ 1/6.5 for lean samples [13℄, while experimentally the onset of WC behaviour
is observed around ν = 1/5 [3℄.
Eletrial transport in the WC phase arises either by a olletive sliding mode or by the
propagation of rystal disloations. Sliding is suppressed by pinning of the WC due to residual
impurities in the sample, and the number of disloations is redued by lowering the temper-
ature. The experimental evidene for a WC phase arises from transport measurements [3℄,
whih indiate an insulating phase. In priniple, this insulating behaviour ould be attributed
also to the loalization of eletrons by impurities [14℄. However, beause the samples used for
the measurements are extremely lean, this is unlikely to be the ase.
Mean-eld limit (CDWs): d ≪ 2RC . Within the eetive-potential framework, an arbi-
trarily hosen partile interats strongly with a number of neighbours whih an be estimated
as Nn.n. ≈ π(2RC)2n¯el = 2(2n + 1)ν¯, where n¯el is the density of eletrons in the nth LL. A
mean-eld approximation, suh as Hartree-Fok, is valid for large Nn.n., where eah partile
may be onsidered to interat only with an averaged bakground, without being inuened
by the individual motions of its neighbours. This limit annot be obtained in the lowest LL,
where the ylotron radius oinides with the magneti length lB. The average eletroni
separation would have to be shorter than this length, whih onstitutes the smallest possible
spaing beause eah eletroni state oupies a minimal surfae σ = 2πl2B. We note in ad-
dition that in the lowest LL the eetive interation potential does not exhibit a plateau as
for n ≥ 1. The dark gray line in g. 2 shows the relation ν¯CDWn = Nc/2(2n+ 1). Comparison
with experiment yields Nn.n. = Nc ∼ 5 for the limiting value above whih the mean-eld
approximation is justied [6℄.
The validity of the mean-eld approximation in the regime d ≪ 2RC also beomes ap-
parent in Fourier spae, where the wave vetors are renormalised in the same manner as the
distanes in eq. (3). At large n, only the small-wave-vetor limit remains important, and the
ommutation relation (2) for the density operators beomes
[
ρ¯
(
q√
2n+ 1
)
, ρ¯
(
k√
2n+ 1
)]
≈ i (q × k)zl
2
B
2n+ 1
ρ¯
(
q+ k√
2n+ 1
)
= O
(
1
n
)
,
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Fig. 2  Phase diagram at T = 0. Vertial and horizontal axes indiate, respetively, the LL index
n and the partial lling ν¯. For ompletely lled levels ν¯ = 1 one observes the IQHE (gray irles).
The phase diagram is only shown up to half-lling ν¯ = 1/2 beause of partile-hole symmetry. Blak
irles denote points at whih the FQHE is found in experiments, the thik gray line shows the region
of an experimentally observed insulating phase attributed to WC formation [3℄, and gray squares
indiate points where the stripe phase is observed [6℄. The full lines represent the transition between
dierent phases and move towards the FQHE liquid phase in the presene of impurities (see arrows
and broken lines).
after resaling and expansion of the sine funtion. The ompliated algebrai struture of
the density operators, and thus the quantum mehanial nature of the problem, beome less
important in higher LLs (larger n). This quasi-lassial limit is dierent from the WC regime,
in whih the overlap of dierent eletroni wave funtions may be negleted. Here their overlap
is suiently strong that the exhange interation, whih is inluded at the mean-eld level,
is essential.
The mean-eld solution of the Hamiltonian (1) reveals that the ground state in this limit
is a CDW with a harateristi period on the order of the ylotron radius RC [7, 8℄. This
lustering of eletrons, in spite of their repulsive interation, may be understood qualitatively
from the form of the eetive interation potential in g. 1: if two eletrons approah more
than their average separation d, only a small additional energy ost is inurred beause of the
plateau in the region r < 2RC . However, a large energy on the order of the height of the
plateau may be gained if the lustered eletrons thus redue the number of other eletrons
with whih they interat strongly. The boundary above whih the mean-eld approximation
beomes valid need not neessarily oinide with the CDW-FQHE phase transition. A detailed
alulation of the ground-state energy would be needed to determine the exat transition
line [7,8,15℄, but the present saling investigations serve as an upper limit for this boundary.
In the region ν¯ < 1/2, harged lusters (or bubbles) of several eletrons form a super-WC
to minimise their Coulomb repulsion (triangular CDW). Exatly at ν¯ = 1/2, however, these
bubbles perolate to form lines and thus give rise to a stripe pattern (unidiretional CDW).
This breaking of rotational symmetry arises beause of a ompeting symmetry: the partile-
hole symmetry beomes exat at half lling. A phase of bubbles would violate this symmetry,
and a very small residual anisotropy in the underlying rystal sues to x the diretion of
the stripes [16℄. However, there are other inhomogeneous harge ongurations, whih would
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also aount for these symmetries, and there is theoretial evidene that a stripe pattern
beomes unstable to the formation of an anisotropi WC at very low temperatures, breaking
the partile-hole symmetry [17℄. The experimental evidene for stripe phases in quantum
Hall systems onsists of very large anisotropies in the magnetoresistane with respet to two
orthogonal diretions [6℄. This suggests an interpretation in terms of harge stripes, where
easy eletron transport along the stripe edges leads to a small resistane, but transport aross
the stripes involves relatively rare tunneling proesses, thus explaining the large resistane in
the orthogonal diretion [17, 18℄.
Quantum limit (FQHE): d ∼ 2RC . In the regime of the phase diagram intermediate
between the WC and CDW phases, the FQHE is observed in the lowest two LLs [4℄. Reent
theoretial and experimental studies [12, 19℄ support the desription of the FQHE in terms
of an inompressible liquid of CFs, eah of whih onsists of a bound state of an eletron
and a vortex-like olletive exitation whih arries a harge of opposite sign [5℄. The saling
arguments presented above show that in the quantum limit only one length sale is present
in the problem, and thus no perturbative approahes are appliable.
Eet of impurities and nite temperature. The arguments presented above suggest that
the observation of the FQHE is possible in higher LLs, e.g. at ν¯ = 1/5 for n = 2. However,
this phase has not yet been observed, and some experiments even suggest a CDW ground
state in this regime [20℄. Failure to observe the FQHE in higher LLs is likely to be due
to the residual impurities in the samples, whih favour rystalline strutures suh as the WC
and CDWs [3℄. Deformation of the inhomogeneous harge struture makes these phases better
adapted to follow an underlying eletrostati potential than is an inompressible, homogeneous
liquid. The two transition lines therefore move towards the quantum-liquid phase, as shown
by the arrows and broken lines in g. 2. The region where the FQHE is observed an beome
extremely narrow in higher LLs, and may even vanish, leading to a diret rossover between
the triangular CDW and WC phases with no quantum melting in the intermediate regime
d ∼ 2RC . However, samples of higher mobility and even lower impurity onentrations are
expeted to reveal FQHE states in the LL n = 2 in the future [21℄.
So far we have disussed the dierent phases determined by the two length sales d and RC
only at T = 0. Finite temperatures will introdue an additional thermal length sale dened
by omparing the thermal energy kBT and the Coulomb interation between eletrons. One
thus obtains lT = e
2/ǫkBT , whih orresponds to the de Broglie wavelength of the free eletron
gas.
If lT ≫ RC , i.e. at low temperatures, thermal utuations may be negleted ompared
to quantum utuations of the orrelated eletron liquid. At lT ∼ RC thermal utuations
destroy the quantum orrelations and the FQHE disappears. In the mean-eld limit, loal
rystalline struture of the CDW vanishes when thermal utuations beome important on
the length sale of the CDW periodiity lT ∼ RC . This leads to an estimate of the CDW
melting temperature TCDW (n) = Ce
2/ǫkBlB
√
2n+ 1, with C a dimensionless onstant, in
agreement with previous work [7℄. Beause CDW states in high LLs are observed at relatively
low magneti elds (dereasing LL separation), inter-LL exitations have to be inluded, giving
rise to a sreening of the Coulomb interation. The dieletri onstant ǫ may then be replaed
by ǫ(n) ∼ 2n + 1 [7, 10℄. We stress that these saling arguments provide an estimate of the
melting temperature for loal CDW order. The anisotropy observed at half-lling in higher
LLs [6℄ vanishes at lower temperatures, indiating an isotropi distribution of loal stripes, as
proposed in a liquid-rystal piture [22℄.
Finite-temperature eets are most omplex in the WC phase. Minima in the longitudi-
nal magnetoresistane, similar to the ones arising in the FQHE regime, are experimentally
observed above a temperature T1 at lowest-LL lling frations, where the WC phase is ex-
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peted at T = 0 [9℄. These minima vanish above a seond temperature T2 > T1. An estimate
for T1 an be obtained from the Lindemann riterion [23℄: the WC melts when the average
displaement of an eletron due to thermal utuations is a substantial fration of the lattie
onstant 〈∆r2〉 = c2Ld2 with cL ∼ 0.1. Equating the potential energy for a small displaement
of an eletron in a WC, e2〈∆r2〉/ǫd3, to the thermal energy yields a melting temperature
T1 ≈ c2Le2/ǫkBd, whih is independent of the magneti eld, in good agreement with reent
experiments [9℄. This temperature orresponds to a thermal length lT ∼ d/c2L ≫ lB. The
liquid phase therefore exhibits quantum oherene on a length sale lT , and may be desribed
loally by the Laughlin wave funtion for temperatures suh that lT > lB, thus displaying
features of the FQHE. The saling estimate lT ∼ lB for the denition of a temperature T2
at whih this oherene is lost turns out, however, to be rather rude beause it neglets a
renormalization of the magneti length due to CF formation in the quantum limit. In the CF
piture, the minima disappear when the temperature reahes the ativation gap [12℄. This
leads to the relation T2 ≈ TC/(2ps±1), where TC is a onstant, and the integers p, s are related
to the lling fator ν¯ = p/(2ps ± 1) for the FQHE states. Comparison with experiment [9℄
suggests a value TC ∼ 2K around ν = 1/6.
Conlusions. We have disussed the dierent solid and liquid phases of quantum Hall
systems using straightforward saling arguments. Although the bare Coulomb potential is
sale-free, the eetive potential of eletrons restrited to the nth LL has a range of strong
interation haraterised by the ylotron radius. The ratio between this range and the average
separation d of the eletrons lassies the dierent phases at T = 0. At nite temperature, a
further length sale lT enters. For d ≫ 2RC a WC is formed, whih melts at a temperature
T1 into a quantum liquid showing features of FQHE states. Our estimates for the melting
temperature T1 show that it does not vary with B, in agreement with reent experiments [9℄.
The quantum oherene of the eletrons is not destroyed until a higher temperature T2. In
the opposite limit d ≪ 2RC the mean-eld approximation is justied and predits a CDW
ground state. We present a riterion for the validity of this approximation, whih exludes
CDW formation in the lowest LLs, where the required ondition annot be satised beause
RC oinides with the smallest length lB in the system. In an intermediate regime d ∼ 2RC
quantum melting of the rystalline strutures leads to a liquid phase, whih is inompressible
at ertain lling fators where the FQHE is observed. The presene of impurities redues
the FQHE regime in the phase diagram beause solid phases are better adapted to follow an
underlying impurity potential.
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